Abstract. Let k be an algebraically closed field of characteristic 0. We prove that any division algebra over k(x, y) whose ramification locus lies on a quartic curve is cyclic.
in Br(F ), and the index ind(A) of A is the degree of the central division algebra D such that A ∼ = M r (D). If a, b ∈ F * , we denote by (a, b) n the cyclic algebra generated over F by α, β such that α n = a, β n = b, αβ = ρβα. (We often drop the subscript n if this does not lead to any confusion.)
Let R be a discrete valuation ring with quotient field K and residue field l. We assume that both l and K are of characteristic zero. Then it is classical [2] that there is an exact sequence 0 → Br(R) → Br(K)
The ramification map, denoted by ram, is described in [2] (see also [14, Ch.10] ). Let now k be an algebraically closed field of characteristic zero, and let L = k(P 2 k ) be the function field of the projective plane over k.
Let C ⊂ P 2 k be an irreducible curve. The local ring O C is a discrete valuation ring, and we denote by v C : L * → Z the corresponding discrete valuation. We view P where k(C) is the function field of C. Note that n H 1 (k(C), Q/Z) ∼ = k(C) * /k(C) * n . By the "tame symbol" formula (see, for example, [3, 1.3 and 2.3]), the ramification of [(a, b) n ] is defined by the nth root of the residue of (−1)
According to [1] , there is a monomorphism Br(L) → ⊕H 1 (k(C), Q/Z), where C runs over all irreducible curves in P 2 k ; this map will also be denoted by ram. For [A] ∈ Br(L) we write
and call R the ramification divisor of A.
Let l be a field of characteristic zero. According to [4] , [15, Ch. II, App., §5], there is an exact sequence
Here M runs over the closed points of P 1 l , and ⊕cor M is the sum of corestriction homomorphisms cor M :
Sequence (1.1) is sometimes referred to as the Faddeev reciprocity law; indeed, it says that the sum of corestrictions of the residues of a given algebra is zero.
Two l(t)-algebras A and B are said to be Faddeev equivalent (our notation for that is A∼ F B) if there exists an l-algebra C such that A is Brauer equivalent to B ⊗ (C ⊗ l l(t)). By the reciprocity law, two algebras having the same residues in all but one closed rational point of ramification must have the same residue in that point as well and are thus Faddeev equivalent. In particular, two algebras having the same residues in all finite points are Faddeev equivalent. Remark 1.1. In case Br(l) is trivial, Faddeev equivalent algebras are Brauer equivalent. This is the case when l = k(x) for k algebraically closed, by Tsen's theorem.
There is a one-to-one correspondence between closed points of P 1 l and discrete valuations of l(P 1 l ) = l(t) trivial on l. Recall the structure of discrete valuations of l(t) trivial on l. Any such valuation is of the following form. If it corresponds to a finite closed point M of P 1 l , then there exists an irreducible monic polynomial f (t) ∈ l[t] such that the valuation v f with f (t) as a uniformizer coincides with the valuation corresponding to M . The valuation corresponding to the infinite point is v ∞ with t −1 as a uniformizer. Let f (t), g(t) ∈ l[t], f irreducible and not dividing g. Then the ramification of (g(t), f (t)) n at f is l(θ)( n g(θ))/l(θ) (here and throughout below we identify elements of l(θ) * /l(θ) * n with degree n cyclic extensions of l(θ)).
, g n (x) = 0. Let C be the curve defined by the equation F (x, y) = 0. Assume that n > 0. As mentioned above, the field k(P
. Then f (y) is a monic irreducible polynomial over k(x), and the valuation of k(x, y) corresponding to the curve C coincides with the valuation of k(x)(y) corresponding to the closed point defined by the polynomial f (y).
Thus, a central simple algebra A/k(P 2 k ) ramifies at the valuation corresponding to the curve C if and only if A/k(x)(P 1 k(x) ) ramifies at a closed point defined by the polynomial f (y).
Note that if n = 0 (i.e. F (x, y) = x + c, where c ∈ k), then the valuation corresponding to the curve C is not trivial on k(x). Hence in this case there is no valuation of k(x)(y) corresponding to the valuation of k(x, y) defined by C. Moreover, an algebra A, viewed as an algebra over k(x)(P 1 k(x) ) = k(x)(y), may ramify at the infinite point even if A, viewed as an algebra over k(P 2 k ), does not ramify at the infinite line L ∞ given by z = 0. For example, consider the quaternion algebra B = (xy, x 2 + 1) [11] . It does not ramify at the infinite line because the valuation v L∞ (corresponding to the infinite line) of both xy and x 2 + 1 equals −2. Indeed, v L∞ coincides with the valuation v ∞ of k(x/y)(x) corresponding to the infinite point. Hence we have
On the other hand, as an algebra over k(x)(P 1 k(x) ), B ramifies at the infinite point because
We are now ready to formulate our main result. Theorem 1.2. Let k be an algebraically closed field of characteristic zero, and D a division algebra over L = k(x, y) = k(P 2 k ) with ramification only along a quartic curve C ⊂ P 2 k . Then D is a cyclic algebra, and exp(D) = ind(D). The general strategy of the proof is as follows. As mentioned above, we view L as the function field l(P 1 l ), where l = k(x). Then we can use the following key result describing central simple k(x)-algebras with small ramification locus up to Faddeev equivalence: Proposition 1.3. Let K be an arbitrary field of characteristic zero, containing the nth roots of unity, F = K(t), A a central simple F -algebra of exponent n. Suppose that A has ramification either (i) at most at three linear points, or (ii) at a point corresponding to a quadratic irreducible polynomial, and perhaps at infinity, or (iii) at a point corresponding to a cubic irreducible polynomial. Then A is Faddeev equivalent to a cyclic F -algebra of degree n.
Remark 1.4. Cases (i) and (ii) are none other than Propositions 2.2 and 2.3 of [11] (stated in a slightly different form); for the sake of completeness and reader's convenience we reproduce the proofs in Section 2 below. We did not manage to treat case (iii) in [11] and fill this gap here (for the case n = 2 this was done in [12] ).
We then continue the proof considering, case by case, all possible configurations of irreducible components of the ramification divisor C:
(i) C is a union of four lines;
(ii) C is a union of two lines and an irreducible conic; (iii) C is a union of two irreducible conics; (iv) C is a union of a line and an irreducible cubic curve; (v) C is irreducible.
In each case we show that by a projective transformation of the plane one can bring a given algebra D to the required form: Proposition 1.5. Let k be an algebraically closed field of characteristic zero, A an algebra over k(P 2 ) = k(x, y) with ramification at a plane quartic C. Then, after a projective transformation of P 2 , A viewed as an algebra over L = l(y), where l = k(x), satisfies the hypotheses of Proposition 1.3.
Proof of Theorem 1.2 from Propositions 1.3 and 1.5. D is Faddeev equivalent and thus, by Remark 1.1, Brauer equivalent to a cyclic algebra C of degree n. Hence ind(C)|n. But n = exp(C)|ind(C), implying ind(C) = n = deg(C). Hence C is a division algebra, so D ≈ C and ind(D) = exp(D).
Proof of Proposition 1.3
Recall that if two algebras have the same ramification at all finite points, then they have the same ramification at infinity, by Faddeev's reciprocity law, and thus are Faddeev equivalent.
(i) Using the automorphism group of P 1 K , we may assume that the points of ramification of A are t, t − 1, and ∞ with ramification K(
The cyclic algebra B = (b 2 t, −b −1 1 (t − 1)) has prescribed ramification at t and t − 1. Hence A∼ F B.
(ii) Let the ramification of A at a quadratic polynomial f be given by a cyclic extension K(θ)(
, where θ is a root of f , u, v ∈ K. First suppose v = 0. Consider the algebra B = (u, f ) n . It is ramified at f and perhaps at infinity. Its ramification at f coincides with the ramification of A at f . Hence A∼ F B.
Now suppose v = 0. Denote by c uv the value of f (t) at −u/v. We prove that A is Faddeev equivalent to B = (u + vt, f (t)/c uv ). Indeed, B could only ramify at f , t + u/v, and infinity, but we see that B is unramified at t + u/v since f (−u/v)/c uv = 1. It has the same ramification at f as A and thus A∼ F B.
(iii) Assume A has ramification K( n √ a)/K at f , where a ∈ K(θ), θ is a root of f . Then a = a 0 + a 1 θ + a 2 θ 2 . We shall consider separately three cases. 1. a 1 = a 2 = 0. Then the algebra (f (t), a 0 ) has at f the same ramification as A, so is Faddeev equivalent to A.
2. a 2 = 0, a 1 = 0. Consider the algebra
The algebra B has at f the same ramification as A. Moreover, as in (ii), B has no ramification at a 0 + a 1 t. Hence A∼ F B.
3. a 2 = 0. First, let us show that there exists c ∈ K such that a = (
Consider two subcases: a) Let b 1 = 0. Consider the algebra
Then the algebra C 1 has at f the same ramification as A since
Furthermore, since both sides of the symbol algebra C 1 are polynomials of degree divisible by n, using the tame symbol formula we conclude that C 1 has no ramification at infinity. Moreover, C 1 has no ramification at t + b 0 /b 1 . By the reciprocity law, C 1 has no ramification at c + t.
Remark 2.1. In each case in the proof of Proposition 1.3, we have provided an explicit cyclic algebra Faddeev equivalent to A.
Proof of Proposition 1.5
(i) Suppose C is the union of 4 lines. Using the automorphism group of P 2 k , we may throughout assume that A ramifies at the infinite line and three finite lines. Moreover, we may and shall assume that one finite line is defined by the equation x = 0. Let two other finite lines be defined by the equations
Hence the algebra A viewed as an algebra over k(x)(P 1 k(x) ), ramifies at most at two linear polynomials and perhaps at the infinite point and thus satisfies the hypotheses of Proposition 1.3(i).
(ii) Suppose C is the union of two lines and an irreducible conic. Using the automorphism group of P 2 k as in (i), we may assume that A ramifies at the infinite line, one finite line, and an irreducible conic. Moreover, we may and shall assume that the finite line is defined by the equation x = 0. Let the conic be defined by the equation F (x, y) = 0, where degF (x, y) = 2. Hence the algebra A viewed as an algebra over k(x)(P 1 k(x) ), ramifies at most at a quadratic polynomial and perhaps at the infinite point and thus satisfies the hypotheses of Proposition 1.3(ii).
(iii) Again, we may assume that A ramifies at the infinite line and an irreducible cubic defined by the equation
where a i ∈ k and deg g(x, y) ≤ 2. Let a ∈ k be such that a 0 + a 1 a + a 2 a 2 + a 3 a 3 = 0. Then after the substitution x = x ′ +ay we may assume that the cubic defined by equation (3.1) satisfies a 0 = 0. Hence the algebra A viewed as an algebra over k(x)(P 1 k(x) ), ramifies at most at a quadratic polynomial in y and perhaps at the infinite point, and we are done.
(iv) Suppose C is the union of two irreducible conics defined by the homogeneous equations Hence the algebra A, viewed as an algebra over k(x)(P 1 k(x) ), ramifies at most at two linear polynomials and perhaps at the infinite point and, as in (ii), satisfies the hypotheses of Proposition 1.3(ii).
(v) Suppose C is an irreducible quartic. We need some more notation. Let X be a projective irreducible curve (not necessarily smooth), P a point on X, R = O X,P the local ring of X at P . For f ∈ R one can define the order function ord P (f ) as dim k R/f R (see [8, 1.2] ), continue this function to k(X) * , and show that ord P : k(X) * → Z is a homomorphism of abelian groups (see [8, A.3] ).
Lemma 3.1. Let C ⊂ P 2 k be a projective curve. Suppose that an affine part C ′ = C ∩ A 2 k of C is given by an irreducible polynomial F (x, y) such that deg y F > 0 and F is monic as a polynomial in y. Let f ∈ k(C) * be such that n|ord P (f ) for any
Proof. Consider the projection ψ : 
By hypothesis, all coefficients of div(f ) at finite points P are divisible by n. We conclude that the coefficients of the divisor in the right-hand side of (3.4) at all finite points are also divisible by n. This means that the values of the corresponding valuations are divisible by n, and since k is algebraically closed, N k(C)/k(x) (f ) is an n-th power.
We need another auxiliary result.
Lemma 3.2. Let k be an algebraically closed field of characteristic zero,
, and A an algebra over L with ramification at only one irreducible curve C ⊂ P 2 satisfying the hypotheses of Lemma 3.1. Then A as an algebra over l(P 1 l ) = k(x)(y) has no ramification at the infinite point. Proof. Maintain the notation of Lemma 3.1. Denote n = exp(A). Suppose that the ramification of A at C is defined by f ∈ k(C). Note that k(C) is the residue field corresponding to the valuation of k(x, y) defined by C. According to [1] (see also [13, p.196 ] for more general setting), there is an exact sequence
where Y and Q range over all irreducible subvarieties of A 2 k of codimension 1 and 2, respectively. The map φ is defined as follows. Let Q ∈ A 2(2)
is of order n and defined by a ∈ k(Y ). Assume Q ∈ Y . Set r = ord Q (a) and define the ramification of α at Q by ram Q (α) = r/n.
If Q is not a subset of Y , we set ram Q (α) = 0. The map φ is the sum of all maps ram Q .
Using sequence (3.5), we obtain ram P (ram C ([A])) = 0 for any P ∈ C ′ . Hence n|ord P (f ) for any P ∈ C ′ . By Lemma 3.1, we have
Hence from the exact sequence (1.1) we obtain cor p (f ) = 0, where p is the closed point of P 1 k(x) corresponding to the valuation of k(x, y) defined by C. Thus A as an algebra over l(P 1 l ) = k(x)(y) has no ramification at the infinite point.
We can now prove the assertion of case (v) of Proposition 1.5. Without loss of generality we may assume that deg y F > 0 for otherwise A is unramified over k(x)(P 1 k(x) ). Moreover, we may assume deg y F > 2 for otherwise we are reduced to Proposition 1.3((i) or (ii)). Furthermore, by an argument analogous to that in case (iii), we may and shall assume that the coefficient at y 4 is zero. Let us show that one can transform C so that it satisfies the hypotheses of Lemma 3.1.
Write an affine equation for C ′ in the form where G i (x, z) stands for the homogenization of g i (x). The projective transformation of the plane x ′ = a 1 x + a 0 z, y = y, z = z brings C to the form
where H i is homogeneous of degree i. Going over to another affine chart on dividing by x ′ 4 , we obtain an equation for another affine part of C which satisfies the hypotheses of Lemma 3.1.
We can now apply Lemma 3.2 to conclude that the algebra A viewed as an algebra over k(x)(P 1 k(x) ), ramifies only at a cubic irreducible polynomial, the hypothesis of Proposition 1.3(iii). Proposition 1.5 is proved. This completes the proof of Theorem 1.2.
